Cyclic inequality with three variables involving fractions.
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Let a,b,c be nonnegative real numbers such that a + 5 + ¢ = 4. Prove that
a’b 4 b*c + c’a <1
3a> +b>+4ca 3b*+c*+4ab  3c*+a’+4bc T 2
Solution by Arkady Alt, San Jose, California, USA.
We can assume for further that a,b,c > 0 because if one of numbers a, b, c equal

b 1
h < > <= 3a’+b>-2a*h >0
and 3a% + b2 —2a%h = 3a* + (4—a)* - 2a*(4—a) = 2(a+2)(a-2)* > 0.
In homogeneous form the inequality of the problems becomes

to zero (let it be ¢ = 0) then we obtain

2
1 a-b <a+b+c

()Z3a2+b2+4ca - 8

Since 3a? + b? +4ca = 2a’ + (a* + b?) + 4ca > 2a® + 2ab + 4ca = 2a(a + b + 2¢)
then 3~ _ a’b < a’b _ ab

3a® +b2 +4ca  2a*+(a*+b*)+4ca T 2a*+2ab+4ca  2(a+b+2c)
and, therefore, remains to prove inequality
(2) Z ab < a+ b+c ]

a+b+2c ~ 4
Denoting p := ab + bc + ca,q := abc and assuminga + b +c¢ = l(due homogeneity
; ; ~a+b+c _ ab _ _
of the inequality (2) ) we obtain 4 > b -y a2 T + c
1 2ab(l+a)(+b) | p+p-3q+p>*-29 2- 7p 4p* +21q
4 (l+a)(1+b)(1+c) 4 2+p+gq B 4(2+p+q)
Since 3p = 3(ab+bc+ca) < (a+b+c)> =1and g > g, = maX{O }

because 99 > 4p — 1 (Schure’s Inequality Y a(a — b)(a—c) > 0in p,q notatlon

and normalized by a + b + ¢ = 1) we obtain 2 — 7p — 4p? + 21qg > 2 — Tp — 4p* + 21q...
Forp e [1/4,1/3] we have 2 — 7p — 4p?> + 21q. = 2 —Tp — 4p* + 21 - 4p9—1 =

%(4;9— 1)(1 = 3p) > 0 and for p < [0,1/4] we have 2 — Tp — 4p2 + 21q. =
2-Tp—4p* = (p+2)(1—-4p) > 0.




